We extend Koszul calculus defined on quadratic algebras by Berger, Lambre, Solotar (Koszul calculus, Glasg. Math. J.) to N -homogeneous algebras for any N ≥ 2, quadratic algebras corresponding to N = 2. We emphasize that N -homogeneous algebras are considered in full generality, with no Koszulity assumption. Koszul cup and cap products are introduced and are reduced to usual cup and cap products if N = 2, but if N > 2, they are defined by very specific expressions. These specific expressions are compatible with the Koszul differentials and provide associative products on classes.
Introduction
In [9] , Koszul calculus was introduced as a new homological tool for studying quadratic algebras. Koszul calculus consists in Koszul (co)homology, together with Koszul cup and cap products. If the quadratic algebra A is Koszul, Koszul calculus is reduced to Hochschild calculus, but if A is not Koszul, Koszul calculus is a new invariant of Manin's category. An application of Koszul calculus to Koszul duality is given in [9] , showing that the true nature of Koszul duality Theorem does not depend on any Koszulity assumption on A.
Comparing Koszul calculus to Tamarkin-Tsygan calculus [37] , the main feature of Koszul calculus is a fundamental formula
where b K is the Koszul differential, e A is the fundamental 1-cocycle, f is a Koszul cochain, and ⌣ K denotes the Koszul cup product. Koszul calculus is simpler since no Gerstenhaber bracket is needed in this formula. Koszul calculus is more flexible and more symmetric since Formula (1.1) holds for any A-bimodule and exists in homology. Moreover, higher Koszul calculus defined in [9] reveals some Koszul analogues of results contained in TamarkinTsygan calculus, providing a new information about the quadratic algebra A when A is not Koszul.
Motivated by cubic Artin-Schelter regular algebras [2] , the author defined in [4] a notion of Koszulity for N -homogeneous algebras. This notion generalizes Koszul algebras defined of any Koszulity assumption on the N -homogeneous algebra A.
A key step in the construction of Koszul calculus for N > 2 is the proof of the associativity of ⌣ K on Koszul cohomology classes (Subsection 3.2). This proof is rather long and technical, but it is essential in order to obtain a graded associative algebra HK
• (A), the space HK
• (A, M ) becoming a graded HK • (A)-bimodule for any A-bimodule M . In contrast to Hochschild calculus [21] , we do not know whether this algebra is graded commutative and whether this bimodule is graded symmetric.
If we are interested in the algebraic structure at the cochain level, the point is that the Koszul cup product is not associative in general (Subsection 3.3). So we arrive to a well-known situation in algebraic homotopy theory, for which associativity holds on classes and does not hold on cochains: Koszul cochains with coefficients in A should constitute an A ∞ -algebra. The details of our proof of associativity on classes could be used to find the explicit ternary operation m 3 of this A ∞ -algebra. Moreover, the algebra W * ν(•) of Koszul cochains with coefficients in k should be an A ∞ -algebra as well. If A is N -Koszul and finitely generated, the algebra W
Koszul homology and cohomology
Throughout the article, let us fix a vector space V over the field k and an integer N ≥ 2. The tensor algebra T (V ) = m≥0 V ⊗m is graded by the weight m. For any subspace R of V ⊗N , the associative algebra A = T (V )/(R) inherits the weight grading. The homogeneous component of weight m of A is denoted by A m . The graded algebra A is called an Nhomogeneous algebra. If N = 2, A is a quadratic algebra [9] .
Bimodule complex K(A)
Let A = T (V )/(R) be an N -homogeneous algebra. For any p ≥ 0, W p denotes the subspace of V ⊗p defined by
Remark that W p = V ⊗p if 0 ≤ p < N , and W N = R. As for quadratic algebras, an arbitrary element of W p is denoted by a product x 1 . . . x p , where x 1 , . . . , x p are in V . If q + r + s = p, regarding W p as a subspace of V ⊗q ⊗ W r ⊗ V ⊗s , the element x 1 . . . x p viewed in V ⊗q ⊗ W r ⊗ V ⊗s will be denoted by the same notation, meaning that the product x q+1 . . . x q+r is thought of as an element of W r and the other x's are thought of as arbitrary in V . We will wystematically use this notation throughout the paper. 
The bimodule complex K(A), as defined in [10] , is the following
where K(A) p = K p denotes the space A ⊗ W ν(p) ⊗ A. For any a, a ′ in A and x 1 . . . x ν(p) in W ν(p) , the differential d is defined on K p by ending by the multiplication µ of A is exact, the homology of K(A) is equal to A in degree 0, and to 0 in degree 1. Koszul algebras for N > 2 were defined in [4] , and the following equivalent definition appeared in [10] .
Definition 2.1 An N -homogeneous algebra A = T (V )/(R) is said to be Koszul if the homology of K(A) is 0 in any positive degree. A Koszul N -homogeneous algebra is also called an N -Koszul algebra.
If R = 0 or R = V ⊗N , A is Koszul [4] . Besides these extreme examples, many various N -Koszul algebras are available in the literature, as the example of Subsection 3.3. 
Koszul homology and cohomology of A
if p = 2p ′ + 1, and
Similarly, for any p-cochain f , one has
if p = 2p ′ , and
, we recover formulas of the quadratic case [9] . Definition 2.2 Let A = T (V )/(R) be an N -homogeneous algebra and M be an A-bimodule.
, is called Koszul homology, resp. Koszul cohomology, of A with coefficients in M , and is denoted by HK • (A, M ), resp. HK
, is isomorphic to the Hochschild homology HH • (A, M ), resp. cohomology HH
• (A, M ). Since K(A) is a complex of free A-bimodules, M → HK • (A, M ) and M → HK
• (A, M ) define δ-functors from the category of A-bimodules to the category of vector spaces, that is, a short exact sequence of bimodules gives rise to a long exact sequence in Koszul homology and in Koszul cohomology [39] .
For any A-bimodule M , the left derived functor M L ⊗ A e − allows us to show, as in the quadratic case with the same proof [9] , that the Koszul homology is isomorphic to the following Hochschild hyperhomology
Similarly, the Koszul cohomology is isomorphic to the following Hochschild hypercohomology
Small homological degrees
If N = 2, K(A) is naturally a subcomplex of the bar resolution B(A). If N > 2, there is a noncanonical injective morphism of complexes from K(A) to B(A). This morphism depends on a choice of an arbitrary contracting homotopy of the bar resolution. We just explain the beginning of the construction of such a morphism, denoted by χ. The whole construction will be performed in Section 7 for truncated polynomial algebras. Let A = T (V )/(R) be an N -homogeneous algebra. Denote by b ′ the differential of the normalizedB(A) and by s its contracting homotopy given by the extra degeneracy [32] . In particular, s 0 : A ⊗ A → A ⊗Ā ⊗ A and s 1 : A ⊗Ā ⊗ A → A ⊗Ā ⊗2 ⊗ A are defined by
whereĀ = A/k andā is the class of a ∈ A inĀ. In what follows, the spaceĀ is always identified to the subspace
Applying the functors M ⊗ A e − and Hom A e (−, M ) to this diagram, we obtain the following ones
whereχ 1 , resp. χ * 1 , is the natural injection, resp. projection. From
for any a, a ′ in A and x 1 . . . x N in R, we draw the expressions
Since the two lines of (2.11) are beginning projective bimodule resolutions of A, H(χ p ) :
are isomorphisms for p = 0 and p = 1.
Functoriality
Denote by C the generalized Manin category of N -homogeneous algebras -introduced in [7] -and by E the category of graded vector spaces. Recall that in C, the objects are the N -homogeneous algebras and the morphisms are the morphisms of graded algebras. The A-bimodule A * = Hom(A, k) is defined by the actions (a.f.a ′ )(x) = f (a ′ xa) for any linear map f : A → k, and x, a, a ′ in A. In the following statement, A * may be replaced by the graded dual of A, using graded Hom in the proof.
Proposition 2.3 The maps
For each p, one has the linear isomorphism
is an isomorphism of complexes. Via this isomorphism, the dual of the morphism u • gives rise to the morphim of complexes u
As in the previous proof, for any A-bimodule M , u defines naturally a com- 
A more general invariance
It is based on the following result recently obtained by Bell and Zhang [3] .
Theorem 2.4 Let B and B
′ be two connected graded algebras over a field, finitely generated in degree 1. If B ∼ = B ′ as ungraded algebras, then B ∼ = B ′ as graded algebras.
Let A be an associative algebra having a finite N -homogeneous presentation B, i.e., A is isomorphic to an N -homogeneous algebra B = T (V )/(R) with V finite-dimensional. Then we can define the Koszul calculus of A as being the Koszul calculus of B. In fact, Theorem 2.4 and Manin's invariance show that the so-defined Koszul calculus of A does not depend on the choice of a finite N -homogeneous presentation of A.
Coefficients in k
We describe briefly how the same results extend from the quadratic case [9] to the N -case. We see from their definition that the differentials b K vanish if M = k. We denote by E * the dual vector space of a vector space E.
. In the category of graded A-bimodules, A has a minimal projective resolution P (A) whose component of homological degree p has the form A ⊗ E p ⊗ A, where E p is a weight graded space. Moreover, the minimal weight in E p is equal to ν(p) and the component of weight ν(p) in E p contains W ν(p) [4, 24] . So K(A) is naturally a weight graded subcomplex of P (A).
Denote by Hom the graded Hom w.r.t. the weight grading of A, and by HH the corresponding graded Hochschild cohomology HH. A fundamental property of the minimality of P (A) is that the differentials of the complexes k ⊗ A e P (A) and Hom A e (P (A), k) vanish. Consequently, we have HH p (A, k) ∼ = E p and HH p (A, k) ∼ = Hom(E p , k) for any p ≥ 0. Therefore, denoting by ι the inclusion of K(A) into P (A), H(ι) p coincides with the natural injection of W p into E p and H(ι * ) p with the natural projection of Hom(E p , k) onto W * p . We thus obtain the following characterizations. Proposition 2.6 Let A = T (V )/(R) be an N -homogeneous algebra. The algebra A is Koszul if and only if one of the following properties holds.
(
3 Koszul cup product 3.1 Definition and first properties Definition 3.1 Let A = T (V )/(R) be an N -homogeneous algebra. Let P and Q be Abimodules. For Koszul cochains f : W ν(p) → P and g : W ν(q) → Q, we define the Koszul
. if p and q are not both odd, so that ν(p + q) = ν(p) + ν(q), one has
2. if p and q are both odd, so that
The k-bilinear product ⌣ K is called N -Koszul cup product, or simply Koszul cup product if N is clearly specified. When N = 2, it coincides with the Koszul cup product defined in [9] . When N > 2, if p and q are not both odd, f ⌣ K g coincides up to a sign with the restriction of the usual cup product f ⌣ g to W ν(p+q) , but if p and q are odd, the formula giving f ⌣ K g is new (see [28, 40] for this formula when A is Koszul).
When N = 2, ⌣ K is associative. When N > 2, the N -Koszul cup product may be nonassociative (Subsection 3.3). We will prove in Subsection 3.2 that this product is associative on Koszul cohomology classes. Our first task is to prove that ⌣ K passes to classes. Proposition 3.2 Let A = T (V )/(R) be an N -homogeneous algebra. Let P and Q be Abimodules. For any Koszul p-cochain f with coefficients in P and q-cochain g with coefficients in Q, one has
Proof. 1. Assume p = 2p ′ and q = 2q ′ . From (2.7) and Definition 3.1, we get
proving (3.1) in this case.
2. Assume p = 2p ′ and q = 2q ′ + 1. From (2.7), (2.8) and Definition 3.1, we get on one hand
On the other hand, let us calculate
Therefore, we obtain a telescopic sum which is easily reduced to
The right-hand side of
Putting together the so-obtained formulas, we arrive to
which is equal to the right-hand side of (3.2) by setting i = N − 1 − j.
3. Assume p = 2p ′ + 1 and q = 2q ′ . On one hand, one has
On the other hand, let us write
So we obtain
which coincides with the right-hand side of (3.3). 4. Assume p = 2p ′ + 1 and q = 2q ′ + 1. On one hand, we have
and reducing the telescopic sum, we arrive to
On the other hand, we have the two equalities
which are combined as follows
It suffices to replace i by i + 1 in the first sum, and by N − 2 − j in the second one, to recover
Consequently, the Koszul cup product defines a Koszul cup product, still denoted by ⌣ K , on Koszul cohomology classes. Our aim is now to prove the associativity of ⌣ K on classes in the nontrivial case N > 2.
Associativity on cohomology classes
Let A = T (V )/(R) be an N -homogeneous algebra with N > 2. Let M , P and Q be A-
Assume that the integers p, q and r are ν-additive, meaning that ν(p+q+r) = ν(p)+ν(q)+ ν(r). It is the case if and only if at most one of these integers is odd. Then as(f, g, h) = 0 since ⌣ K coincides up to a sign with ⌣ in all the concerned calculations.
It remains to examine the following four cases.
p = 2p
′ , q = 2q ′ + 1 and r = 2r ′ + 1. We have the two equalities
, and more generally
so that we obtain the following.
2. p = 2p ′ + 1, q = 2q ′ and r = 2r ′ + 1. We have the two equalities
Therefore, we can write
Then the formula
shows the following.
3. p = 2p ′ + 1, q = 2q ′ + 1 and r = 2r ′ . From the two equalities
Then the next lemma comes from the formula
is a sum of Koszul coboundaries b K (u), where u : W m → M ⊗ A P ⊗ A Q will be a (p+q+r−1)-cochain depending on f , g and h, so that b K (u) will be defined by
In (3.5), replacing j by k, we obtain
Combining these equalities, we arrive to E = N −2 k=1
F , where
Then, we express F as the telescopic sum
Finally, we conclude that, in our case 4, as(f, g, h) is always a coboundary, by seeing that G − H = b K (u ℓ ) where
As a consequence of the previous study, we have proved the following. . Definition 3.1 shows that, if f ∈ W * ν(p) and g ∈ W * ν(q) , then
In other words, if p and q are ν-additive, f ⌣ K g coincides up to a sign with the graded tensor product of linear forms, pre-composed with the inclusion W ν(p+q) ֒→ W ν(p) ⊗ W ν(q) .
Recall that, for any associative algebra A, (HH • (A, k), ⌣) is isomorphic to the Yoneda algebra E(A) = Ext * A (k, k). If A is N -Koszul with V finite-dimensional, we know that the algebra E(A) is isomorphic to W * ν(•) whose product is given by the above formulas [10] . Using the notation of Subsection 2.6, one has thus the following proposition. Proposition 3.7 Let A = T (V )/(R) be an N -homogeneous algebra which is Koszul with V finite-dimensional. The map H(ι * ) is a graded algebra isomorphism from HH
A non-associative example at the cochain level
Assume that k = C and that a, b and c are three complex numbers which are Q-algebraically independent. We denote by A the generic AS-regular algebra of global dimension 3, cubic, of type A, defined by the parameters a, b and c [2] . Here N = 3. It is known that A is Koszul and Calabi-Yau [4, 10] . Recall that A is defined by two generators x and y and two cubic relations r 1 = 0 and r 2 = 0, where
We know that W 4 = Cw, where w = xr 1 + yr 2 . Explicitly, one has
Keeping notation of the previous subsection, we take M = P = Q = A and p = q = r = 1, so that f , g, h are linear maps from V to A, and we are in the case 4. Let us calculate E = as(f, g, h)(x 1 . . . x 4 ). It is clear that E = F corresponding to the unique values k = 1 and i = 0, and we obtain
Let us choose f = g equal to the identity of V and h constant equal to 1. Then
Therefore, we arrive to
But (xy − yx)(x − y) cannot be a linear combination of r 1 and r 2 . Thus as(f, g, h)(w) is not zero in A, and the algebra (Hom(
It is interesting to note that this non-associativity occurs for a Koszul algebra A. As a consequence, any quasi-isomorphism from (Hom(A • , A), b) to (Hom(W ν(•) , A), b K ) cannot send the associative usual cup product ⌣ to ⌣ K . In fact, such a quasi-isomorphism is surjective, since it is the case if the bar resolution is replaced by the minimal projective resolution (Subsection 2.6). An example for each N of the same phenomenon including associativity of ⌣ K will be presented in Section 7 (Proposition 7.11).
4 Koszul cup bracket 4.1 Definition and first properties Definition 4.1 Let A = T (V )/(R) be an N -homogeneous algebra. Let P and Q be Abimodules, at least one of them equal to A. For any Koszul p-cochain f : W ν(p) → P and q-cochain g : W ν(q) → Q, we define the Koszul cup bracket by
The Koszul cup bracket is k-bilinear, graded antisymmetric, and it passes to cohomology. We still use the notation [α, β] ⌣ K for the cohomology classes α and β of f and g. The Koszul cup bracket is a graded biderivation of the graded algebra HK
• (A). Like in the quadratic case [9] , there is a remarkable 1-cocycle e A , allowing us to relate b K to this bracket.
If f is equal to the identity map of V , f coincides with the restriction to V of the Euler derivation D A of A, so that f is a cocycle. This Koszul 1-cocycle f is denoted by e A and its cohomology class is denoted by e A . By the previous lemma, e A is not a coboundary if V = 0. Let us call e A the fundamental 1-cocycle of A, and e A the fundamental 1-class of A. From Definition 3.1, one has e A ⌣ K e A = 0. We generalize the fundamental formula of the Koszul calculus [9] as follows.
Theorem 4.3 Let A = T (V )/(R) be an N -homogeneous algebra and M be an A-bimodule.
For any Koszul p-cochain f with coefficients in M , we have
Proof. If p is even, the proof is the same as in the quadratic case [9] . Assume that p = 2p ′ +1. From Definition 3.1, we have
and we conclude by (2.8) .
Generalizing the quadratic case, Theorem 4.3 shows the following remarkable fact: the Koszul differential b K may be defined from the Koszul cup product if N − 1 is not divided by the characteristic of k. 
Koszul derivations
for any x 1 . . . x N in R -using the notation of Subsection 2.1. If this equality holds, the unique derivationf : T (V ) → M extending f defines a unique derivation D f : A → M from the algebra A to the bimodule M . The k-linear map f → D f is an isomorphism from the space of Koszul derivations of A with coefficients in M to the space of derivations from A to M . The next proposition was proved in [9] when N = 2.
Proposition 4.5 Let A = T (V )/(R) be an N -homogeneous algebra and M be an A-bimodule.
For any Koszul derivation f : V → M and any Koszul q-cocycle g : W ν(q) → A, we have
Proof. If q is even, the proof is similar to the proof of the quadratic case [9] . Assume that q = 2q ′ + 1. On one hand, one has
On the other hand, we apply the derivation D f to b K (g)(x 1 . . . x N p ′ +N ) = 0 for obtaining
Then the result is immediate. If N = 2, we know that e A ⌣ K − is a differential on Koszul cochains [9] , but it is no longer true if N > 2, although e A ⌣ K e A = 0 holds. It is due to non-associativity. Going back to the example of Subsection 3.3 and using notation of this example, we see that Proof. Let f be a p-cochain. From
Higher Koszul cohomology
we deduce
In the two right-hand sides, the coefficients in front of f have at least two factors in V . Continuing the action of e A ⌣ K −, these coefficients will have successively at least three, four,... factors, thus they vanish at the end of N actions. It is similar for the second operator.
Proposition 3.13 in [9] is immediately generalized as follows. 
Proof. The same as for N = 2.
Consequently, the Koszul cup product is defined on HK 
If p = 2p
The chain f ⌢ Koszul cap products given in [9] . When N > 2, the associativity relations
do not necessarily hold (in the example of Subsection 3.3, choose f = g = e A and z = 1⊗r 1 ). However, we will prove in the next subsection that they hold on classes.
Proposition 5.2 Let A = T (V )/(R)
be an N -homogeneous algebra. Let M and P be Abimodules. For any p-cochain f with coefficients in P and any q-chain z with coefficients in M , one has
Proof. Let us prove only (5.4), the proof of (5.5) being similar. 1. Assume p = 2p ′ and q = 2q ′ . From Definition 5.1 and Definition 2.6, we get
Reducing together the two latter sums, we arrive to
2. Assume p = 2p ′ and q = 2q ′ + 1. We have
Then (5.4) is immediate in this case.
3. Assume p = 2p ′ + 1 and q = 2q ′ . On one hand, we have
which are combined to obtain
It suffices to replace i by N − 2 − j in the first sum, and by i + 1 in the second one, to recover
4. Assume p = 2p ′ + 1 and q = 2q ′ + 1. In this case, one has
Moreover, the following
Replacing i by i − 1 in the first sum, and j by N − 2 − i in the second sum, we arrive to
and we recover the expression of 
Associativity on classes
Let A = T (V )/(R) be an N -homogeneous algebra with N > 2. Let M , P and Q be A-bimodules. For Koszul cochains f :
, let us define their associators by the following Koszul (r − p − q)-chains
We assume that r ≥ p + q -otherwise the associators are zero.
Lemma 5.4
One has ν(r − p − q) = ν(r) − ν(p) − ν(q) if and only if at most one of the three integers p, q, r + 1 is odd. If at least two of these integers are odd, one has
Proof. Left to the reader.
coincide up to a sign with ⌣ and ⌢ in all the concerned calculations, so that the three associators (5.8), (5.9), (5.10) are equal to zero. The remaining four cases are the following.
Proposition 5.5 In Case 1, as(g, f, z) = 0 whenever f is a cocycle. In Case 2, as(g, f, z) = 0 whenever g is a cocycle. In Case 3, as(g, f, z) = 0 whenever z is a cycle. In Case 4, as(g, f, z) is a boundary.
Proof.
From the definitions of cup and cap products, one has
Therefore we can write
where E is equal to
This case is solved by writing E as the telescopic sum
where
Then, it suffices to write E as the telescopic sum
Case 3: p = 2p ′ + 1, q = 2q ′ + 1, r = 2r ′ + 1. This case is technically the most difficult one. We have
Let us define the linear map
) is the difference of the two sums
If we replace i by i + 1 and j by j − 1 in the term of the second sum, we recover the term of the first sum, thus
In the latest difference, set i ′ = i + 1 and j ′ = j in the first sum, resp. i ′′ = N − 3 − j − k and j ′′ = j + 1 in the second sum, so that 0 ≤ i ′ + j ′ ≤ N − 2 with i ′ ≥ 1, and 0 ≤ i ′′ + j ′′ ≤ N − 2 with j ′′ ≥ 1. But it is easy to verify that the first sum for i ′ = 0 equals the second sum for j ′′ = 0. Therefore, F (b K (z)) is equal to the difference of the right-hand sides of (5.12) and (5.11). So we obtain
which solves the Case 3.
Consequently, we are able to write
Writing F ij as the telescopic sum
we see that
concluding the Case 4.
Using similar calculations left to the reader, the statement of Proposition 5.5 holds if we replace the associator as(g, f, z) by the two other ones (5.9) and (5.10). Proposition 5.6 Let A = T (V )/(R) be an N -homogeneous algebra. Let M , P and Q be A-bimodules. For α ∈ HK
• (A, P ), β ∈ HK • (A, Q) and γ ∈ HK • (A, M ), one has the associativity formulas
Corollary 6.4 Let A = T (V )/(R) be an N -homogeneous algebra and let M be an Abimodule. For any p ∈ {0, 1, q}, α ∈ HK p (A, M ) and γ ∈ HK q (A),
Proof. The case p = 1 follows from the proposition. The case p = 0 is clear. Assume that p = q, α is the class of f and γ is the class of z = a ⊗ x 1 . . . x ν(p) . Definition 5.1 gives
, we conclude from the isomorphism of Subsection 2.3
Note that the same proof shows that
We do not know whether the identity [α, γ] ⌢ K = 0 in the previous corollary holds for any p and q. A positive answer for M = A will be given in the examples of Section 7. As in the quadratic case [9] , the next lemma shows that the Koszul cap products are defined for HK 
Higher Koszul homology
Proof. The same as for N = 2, using Proposition 5.6.
Koszul calculus of truncated polynomial algebras
Throughout this section, for any N ≥ 2, let us fix
Then A is Koszul of dimension N , generated by 1, x, . . . , x N −1 . For any p ≥ 0, W p = V ⊗p is one-dimensional, generated by x p . We assume that N is not divided by char(k).
Koszul homology of
The Koszul homology of A is given by
Proof. Immediate from the complex of Koszul chains of A (Subsection 2.2).
Let us calculate ∂ ⌢ :
Thus ∂ ⌢ is bijective if p ′ ≥ 1, and has k as cokernel if p ′ = 0. If p = 2p ′ and 1 ≤ ℓ ≤ N − 1, we easily get
which vanishes since x N = 0 in A. We deduce the following. Using Hochschild homology, it is proved in [9] that the conclusion of Proposition 7.2 holds for any Koszul A when N = 2 and char(k) = 0. It would be interesting to prove the extension to the N -case of this quadratic statement.
Adopting a conceptual point of view, it is satisfactory to remark that the conclusion of Proposition 7.2 holds for the "point" k. By the "point" k, we mean the base field k considered as an N -homogeneous algebra with V = 0. The Koszul calculus of the "point" k is reduced to its 0-component which is the field k acting on vector spaces, and the higher Koszul calculus coincides with the Koszul calculus since e k = 0.
Koszul cohomology of
The Koszul cohomology of A is given by
Proof. Immediate from the complex of Koszul cochains of A (Subsection 2.2).
Let us calculate ∂ ⌣ :
Thus ∂ ⌣ is bijective if p ′ ≥ 1, and has kx N −1 as kernel if p ′ = 0. If p = 2p ′ + 1 and 1 ≤ ℓ ≤ N − 1, we get
vanishing again. So one has the following. 
HK
• hi (A) ∼ = k is an isomorphism of graded algebras, where k is the graded algebra concentrated in degree n, and its product is the product of k if n = 0, otherwise it is zero. Moreover, the "point" k is 0-Calabi-Yau and satisfies the improved conjecture. We may impose that i 1 + · · · + i p ′ ≥ (N − 1)(p ′ − 1) in these sums. Proof. Since A is Koszul, H(χ * ) and H(χ) are linear isomorphisms. We will use the basis f m,i of Hochschild cocycles given at the end of the paper [1] . It is clear that the image by χ * of this basis is exactly the basis of Koszul cocycles given in Proposition 7.3. Moreover the formulas of [1] giving the cup product between the f m,i 's agree the formulas of Proposition 7.5, showing that H(χ * ) is an algebra morphism. It is easy to provide the image byχ of the basis of Koszul cycles of Proposition 7.1, obtaining a basis of Hochschild cycles. Here again, the formulas giving the actions of the f m,i 's on these Hochschild cycles agree the formulas of Proposition 7.7, showing that H(χ) is a bimodule morphism.
We do not know whether the statement of Proposition 7.12 holds for any N -Koszul algebra A, where χ is still the comparison morphism defined by the extra degeneracy s. When A is a confluent N -Koszul algebra, it is possible to make explicit a comparison morphism in the opposite direction, i.e., fromB(A) to K(A), by following the same method used for the construction of χ from a contracting homotopy ofB(A). Actually, in this situation, an explicit contracting homotopy of K ℓ (A) = K(A) ⊗ A k has been recently constructed by Chenavier [13] , and this construction can be adapted in order to provide a right A-linear contracting homotopy of K(A).
